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Experimental studies of solar, atmospheric and reactor neutrinos over the
past several years provide almost certain indications that neutrinos oscillate,
have masses and mix. These new properties of neutrinos, if conrmed by
better statistics in the proceeding and forthcoming experiments, will require
a signicant departure from the Standard Model. It is well known [1] that
massive neutrinos can have nonvanishing magnetic moment. For example, in
the Standard Model supplied with SU(2)-singlet right-handed neutrino the
one-loop radiative correction generates neutrino magnetic moment which is
proportional to neutrino mass. There are plenty of models [2] which predict
much large magnetic moment for neutrinos.
In the light of new developments in neutrino physics, to get better under-
standing of the electromagnetic properties of neutrinos is an important task.
In general, there are two aspects of this problem. The rst one is connected
with values of neutrino electromagnetic form factors. The second aspect of the
problem implies consideration of influence of external electromagnetic elds,
which could be presented in various environments, on neutrino possessing non-
vanishing electromagnetic moments. The most important of the latter are the
magnetic and electric dipole moments.
The majority of the previously performed studies of neutrino conversions
and oscillations in electromagnetic elds deal with the case of transversal con-
stant and constant twisting magnetic elds (see references [1-18] of paper [3]).
Recently we have developed [3,4] the Lorentz invariant formalizm for descrip-
tion of neutrino spin evolution that enables one to consider neutrino oscillations
in the presence of an arbitrary electromagnetic elds. Within the proposed
approach it becomes possible to study neutrino spin evolution in an electro-
magnetic wave and the new types of resonances in the neutrino oscillations in
the wave eld and in some other combinations of elds have been predicted
[3].
The aim of this paper is to continue the study of the neutrino spin oscilla-
tions in the circular polarized electromagnetic wave. Here we consider the case
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when the wave amplitude is not constant but is a modulated function of time
and show for the rst time that under certain conditions the parametric reso-
nance of neutrino oscillations can occur in such a system. Note that in order to
investigate this phenomenon we have to use the Lorentz invariant formalizms
for neutrino evolution that have been developed in [3,4]. The possibility of the
parametric resonance of neutrino flavour oscillations in matter with periodic
variation of density was considered previously in [5]. It should be also pointed
out here that the conditions for a total neutrino flavour conversion in a medium
consisting of two or three constant density layers were derived in [6]. For the
recent discussion on the physical interpretations of these two mechanizms of
increasing of neutrino conversion see ref. [7].
Let us consider evolution of a system  = (+; −) composed of two neu-
trinos of dierent helicities in presence of a eld of circular polarized electro-
magnetic wave with varying amplitude .











; E(t) = B(t)(1 −  cos):
Here the three parameters, A = A() being a function of vacuum mixing angle,
V = V (neff ) being the dierence of neutrino eective potentials in matter, and
m2 being the neutrino masses squired dierence depend on the considered
type of neutrino conversion process. The electromagnetic eld is determined
in the laboratory frame of reference by its frequency, !, the phase at the point
of the neutrino location,  = g!t(1−=0 cos),(g = 1), and the amplitude,
B(t), which is a function of time. The wave speed in matter could be less
than the speed of light in vacuum (0  1), and  is the angle between the
neutrino speed ~ and the direction of the wave propagation. In the derivation
of the Hamiltonian of eq.(1) terms proportional to 1γ2  1, γ = (1 − 2)−1=2,
and also an oscillating function of time in the diagonal part are neglected (for
details see [3]).
In order to study phenomenon of the parametric resonance of neutrino
spin oscillations in such a wave we suppose that the amplitude B(t) is given
by
B(t) = B0(1 + hf(t)); (jhj  1); (2)
where f(t) is an arbitrary function of time and h is a small dimensionless quan-
tity. It is convenient to introduce the evolution operator U(t) which determines
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the neutrino state at time t
(t) = U(t)(0)
if the initial neutrino state is (0). Using the Hamiltonian of eq.(1) we get the
following equation for the evolution operator:
_U(t) = i[−~3 − (E0 − "f(t))(1 cos − 2 sin )]U(t); (3)
where " = −E0h and E0 = B0(1 − cos). In analogy with the case of the
electromagnetic wave with nonvarying amplitude [3,4] the solution of eq.(3)
can be written in the form
U(t) = U~e3(t)U~l(t)F (t); (4)
where U~e3(t) = exp(i3
_ t
2 ) is the rotation operator around the axis ~e3 which is
parallel with the direction of the neutrino propagation, and U~l(t) = exp(i~
~lt)
is the rotation operator around the vector ~l = (−E0; 0; ~− _ 2 ). Note that the
solution of eq.(3) for the case of constant amplitude of the wave eld (" = 0)
is given by the operator U0(t) = U~e3(t)U~l(t).
From (3) and (4) it follows that the equation for the operator F (t) is





1− 223 sin2 Ωt; 3 sin 2Ωt; 213 sin2 Ωt

;
and the unit vector  is given by its components in the unit orthogonal basis
~ = 1~e1 + 2~e2 + 3~e3 =
~l
Ω ;Ω = j~lj. The detailed analysis of evaluation of
the solution of eq.(5) can be found in [8]. Here we comment only on the main






where F (0) = 1^ is a unit matrix. For operators F (k) the recurrent formula is
straightforward:





Skipping further technical details to the rst order in " we get






Then the probability of neutrino oscillations i− $ j+ is
Pij =





x1(t) cos Ωt+ 3x2(t) sin Ωt

sin Ωt:
Note that Ω is nothing but the mean oscillation frequency of the neutrino
system.
For further evaluation of solution of eq.(5) we have to specify the form of
the function f(t). The purpose of this study is to examine the case when the
parametric resonance for neutrino oscillations in electromagnetic wave with
varying amplitude could appear. Having in mind a simple analogy ( see, for
example, [7]) between oscillations in neutrino system and oscillations of a clas-
sical pendulum [9], it is reasonable to suppose that the principal parametric
resonance appears when the amplitude modulation function f(t) is oscillat-
ing in time with frequency approximately equal to the twice mean oscillation
frequency of the system. That is why we choose the function f(t) to be
f(t) = sin 2Ωt (10)

















It follows that in the case 1" > 0 the second term increases with increase
of time t, so that the amplitude of the neutrino conversion probability may
become close to unity. This is the eect of the parametric resonance in neu-
trino system in the electromagnetic wave with modulated amplitude that may
enhance neutrino oscillation amplitude even for rather small values of the neu-
trino magnetic moment  and strength of the electromagnetic eld and also
for parameters of the system being far away from the region of ordinary spin
(or spin-flavour) neutrino resonance.
In conclusion, let us consider the case when parameters of the neutrino
system are far beyond the region of the ordinary resonance. Then the following
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condition is valid: 1  3, and the maximal neutrino conversion probability
is small for the case of nonvarying (h = 0) amplitude of the electromagnetic
eld




If the amplitude of the eld is modulated in accordance with eqs.(2) and (10)
the estimation for the critical time tcr for which the probability Pij could
become close to unity for an arbitrary values of the neutrino mixing angle,
masses, energy, and density of matter gives tcr  1"n1 . It means that the
parametric resonance enhancement of the neutrino oscillations occurs after
neutrinos travel a distance
L =
Ω
jhj[B(1−  cos)]2 (13)
under the influence of the electromagnetic wave with modulated amplitude.
One of the authors (A.S.) should like to thank Jorge Dias de Deus, Ana
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